We perform the Lorentz-covariant Hamiltonian analysis of two Lagrangian action principles that describe general relativity as a constrained BF theory and that include the Immirzi parameter. The relation between these two Lagrangian actions has been already studied through a map among the fields involved. The main difference between these is the way the Immirzi parameter is included, since in one of them the Immirzi parameter is included explicitly in the BF terms, whereas in the other (the CMPR action) it is in the constraint on the B fields. In this work we continue the analysis of their relationship but at the Hamiltonian level. Particularly, we are interested in seeing how the above difference appears in the constraint structure of both action principles. We find that they both possess the same number of firstclass and second-class constraints and satisfy a very similar (off-shell) Poisson-bracket algebra on account of the type of canonical variables employed. The two algebras can be transformed into each other by making a suitable change of variables.
Introduction
General relativity that was conceived by Einstein as a theory for describing the gravitational field employs a metric tensor as its fundamental variable. It has been also formulated in terms of alternative variables as time has passed. The Einstein-Hilbert action, based on a metric tensor, was the first action principle from which Einstein's equations come from. Despite being a diffeomorphism-invariant action principle, it does not explicitly show all the relevant symmetries behind gravity. Only after the tetrad field was introduced, general relativity became a theory explicitly endowed with two fundamental symmetries: diffeomorphism and local Lorentz invariances, being the latter relevant for the coupling of fermions to gravity. The Hilbert-Palatini action fulfils these requirements. In this formulation, the tetrad field and the Lorentz connection 1-form are the independent variables from which pure general relativity comes from.
Once the Lagrangian action for the gravitational field was achieved, the physicists' efforts turned toward the Hamiltonian form of this action principle as a previous stage required for implementing a canonical quantization programm of gravity. The ADM formulation [1] set up the Hamiltonian analysis of the Einstein-Hilbert action showing that general relativity was a constrained theory as expected, but its full quantization was never achieved successfully because of technical and conceptual problems. However, the canonical programm was boosted when Ashtekar [2] performed a complex canonical transformation from the ADM variables (in the tetrad formalism) to the so-called Ashtekar variables of complex general relativity, simplifying in this way the constraints of the theory and making possible the use of Yang-Mills techniques for building the Hilbert space of the theory. Nevertheless, it was very difficult to handle the reality conditions required to get real general relativity at the quantum level.
On the other hand, in the 1970s Plebański [3] introduced a set of 2-forms and a complex su(2)-valued connection 1-form and was able to describe complex general relativity as a constrained BF theory. It was later realized that by solving the constraint on the 2-forms both the Ashtekar's formulation [4] and self-dual Palatini action were recovered [5, 6] .
The problems with the reality conditions continued until a different path was taken. Barbero [7] showed that it was possible to introduce real Ashtekar variables instead of complex ones and this approach became very suitable to attack again the problem of quantizing gravity. Afterwards, Holst introduced a modification of the Hilbert-Palatini action and it was showed that Barbero's formulation was the Hamiltonian form of this action principle [8, 9] . Moreover, real general relativity was also written as a constrained BF theory [10, 11] and later works generalized the constraint on the B field [12, 13] in such a way that by solving it the Immirzi parameter γ [14] , a free parameter appearing in Barbero's formulation, was naturally included.
Although this parameter has a topological nature at the classical level [15, 16] , at the quantum level it enters explicitly in the spectra of geometric operators [17, 18] as well as in the expression of the black hole entropy [19] [20] [21] [22] [23] . Nonetheless, its presence is still unclear and its physical relevance is a matter of controversy [24] . In the works [25] [26] [27] it has been shown that in a Lorentz-covariant formulation of general relativity it is possible to eliminate this parameter from the spectrum of the area operator, but the resultant connection is non-commutative and this hinders us to understand the geometric meaning of the theory and to build up its appropriate Hilbert space. The construction of this noncommutative connection (which in fact transforms as a true spacetime connection) is done through the introduction of the Dirac bracket to handle the second-class constraints arising in the Hamiltonian analysis of the Holst action. Note that this connection comes from a general connection parametrized by two numbers. Furthermore, it is possible to choose this numbers to produce a commutative connection (a Lorentz-covariant generalization of Barbero's connection), which leads to the usual γ-dependent spectrum and to the same Hilbert space of loop quantum gravity, but that fails to transform correctly under time diffeomorphisms [28] . These last results have been confirmed in [29, 30] , where the authors construct a commutative Lorentz-covariant connection by explicitly solving the second-class constraints. As a final comment, in a recent work a black hole entropy independent of the Immirzi parameter has been found [31], which seems to be compatible with a quantum theory of gravity based on a non-commutative connection in the sense discussed above.
In the recent years, a novel way of facing the problem of quantizing the gravitational field has been developed. It is known as the spin foam approach [32] [33] [34] [35] [36] and intends a path integral quantization of gravity. The starting point of any spin foam model is a BFtype action principle and since gravity can be formulated in these terms, its path integral quantization can be in principle implemented. The spin foam approach supplies the loop approach, since the latter describes the spatial quantum geometry (the dynamics of spin networks can in principle be generated by promoting the scalar constraint to a quantum operator, but there are ambiguities in the definition of it [37] ) but the former can describe the spacetime quantum geometry; in fact, the spin networks of loop quantum gravity can be seen as slices of a spin foam, and then the evolution of spin networks can be better understood in the spin foam formalism. This shows that BF theories are a valuable tool to attack the problem of quantizing gravity and the study of their Hamiltonian structure contributes to that issue. The Lorentz-covariant Hamiltonian analysis presented here supplements the previous results presented in [38, 39] . This paper is organized as follows. In Sect. 2, by the sake of completeness, we develop the (reduced) Hamiltonian analysis of pure BF theory including two topological terms (the Pontrjagin and Euler invariants) and two volume terms, and show that this complete action is of topological character. We then perform the Hamiltonian analysis of BF gravity with Immirzi parameter and two volume terms in Sect. 3. Finally, we perform the canonical analysis of the CMPR action principle for gravity in Sect. 4 . As in the case of the Hamiltonian analysis of Holst action, second-class constraints arise in both BF action principles for general relativity. The Lorentzcovariant Hamiltonian analysis of BF-like actions for general relativity (without the Immirzi parameter) has been already performed in [40] and [41] ; the main difference between the actions considered there is that in the former work the Lagrange multiplier (which imposes the constraint on the B field) carries spacetime indexes, but in the latter it carries Lorentz indexes. The approach of the former then leads to quadratic terms in B IJ 0a implying we must introduce the canonical momentum conjugated to it and thus complicating the Hamiltonian analysis. To avoid this issue, we follow the approach of the latter, where B IJ 0a appears linearly.
Hamiltonian analysis of BF theory with topological and volume terms
We assume that the spacetime manifold M is four-dimensional throughout this paper. We also consider SO(4) or SO(3, 1) as the internal gauge groups of our action principles, the internal metric being η IJ =diag(σ, 1, 1, 1) with σ =-1 (+1) for the SO(3,1) (SO(4)) case (group indexes are raised and lowered using this metric). The Hodge dual is defined by * T IJ = (1/2)ǫ IJKL T KL , where T IJ = −T JI and ǫ 0123 = 1. In the case of spacetime indexes, the tensor densityη µναβ (η 0123 = 1) is totally antisymmetric and we definẽ η abc ≡η 0abc . Similarly, η abc is totally antisymmetric and such that η 123 = 1
An action principle for pure BF theory is given by
and it is well known that this action defines a topological field theory (see for instance Ref. [42] ). This action is both diffeomorphism and Lorentz invariant, and we want to consider the more general action principle involving the pure BF theory respecting these two symmetries that can be constructed from B IJ and A J I . The action principle considered is [43] 
where we have included two BF terms and the coupling constants b 1 and b 2 introduce two volume terms. The terms proportional to θ 1 and θ 2 are the Pontrjagin and the Euler classes, respectively. These topological invariants can be rewritten as exterior derivatives of some appropriate 3-forms and the equations of motion do not depend on them; in fact, the equations of motion following from (2) are
which do not depend on θ 1 , θ 2 as long as the Bianchi's identity DF IJ = 0 holds. Nevertheless, the canonical structure of the theory is affected by these topological terms and one might expect some off-shell non-vanishing effects at the quantum level. However, our treatment will be purely classical. The inclusion of topological terms in the context of general relativity has been already considered; see [15, 16, 44] for details.
To perform the (3+1) decomposition of the action (2) we assume that the manifold M has a topology R×Σ, where Σ is a compact 3-manifold without a boundary (∂Σ = 0). We then choose a foliation of spacetime in terms of the level hyper-surfaces of a global time function t such that t =const has the topology of Σ. Let x a (a = 1, 2, 3) be the coordinates on Σ; the action (2) can be written as
where
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and the boundary terms have been neglected; we have also introduced the useful notation
As can be seen from (5), the topological terms contribute to the conjugate momenta of A aIJ generating canonical transformations. By performing the change of variables
where the tensor densities of weight 1, G IJ and Ψ aIJ , have the following expressions
Since A 0IJ and B 0aIJ appear linearly in the action (7), they play the role of Langrange multipliers and impose the primary constraints G IJ ≈ 0 and Ψ aIJ ≈ 0. The Hamiltonian of the theory is
Ψ aIJ and the canonical pair (A, P ) must satisfy the relation
We see that H weakly vanishes as a consequence of the weak vanishing of the constraints; this is something to be expected in any diffeomorphism-invariant theory. Now we need to evolve the constraints in order to know the full content of the constraints of the theory. According to Dirac formalism [45] , the evolution of the system must preserve the constraints and this implies that {C, H} ≈ 0 for each constraint C. The Poisson brackets among the constraints is given by
Since the constraint algebra closes, the evolution of the constraints is trivial and we find no more constraints. Therefore, the constraints G IJ and Ψ aIJ are first-class and generate all the gauge symmetries of the theory, but they constitute a reducible set because the Bianchi's identity implies the relation (see also [42, 46] )
This expression amounts to 6 equations relating both constraints and we are left only with 18 independent first-class constraints; there are no second-class constraints. Since there are 18 configuration variables A aIJ , the system has (2 × 18 − 2 × 18 − 0)/2 = 0 local degrees of freedom. Therefore, adding the volume terms and the two topological invariants considered above to the BF action does not modify its topological character. Despite the complicated constraint (9), the constraint algebra (11)- (13) is the same as the constraint algebra of the pure BF action [42] .
Hamiltonian analysis of BF gravity plus cosmological constant
Now we consider the canonical analysis of real BF gravity with the Immirzi (or the Barbero-Immirzi) parameter coupled to a cosmological constant. In the context of BF theories, this coupling has been successfully accomplished by considering the following action principle [47] (see [48] for another alternative approach)
Here φ IJKL is an internal tensor with the index symmetries φ IJKL = φ KLIJ , φ IJKL = −φ JIKL and φ IJKL = −φ IJLK ; the 4-form µ (µ 0123 ≡ µ 0 ) implies the additional restriction φ IJKL ǫ IJKL = λ on φ IJKL ; λ, l 1 and l 2 are just constants related to the cosmological constant.
By performing the (3+1) decomposition of the action (15), we obtain
with Π aIJ defined as in Sect. 2. Now we shall use the equation of motion correspondig to φ IJKL to put the components B 0aIJ in terms of Π aIJ , thus eliminating this internal tensor from the action principle; this procedure is essentially the one followed to get the Hamiltonian formulation of the Plebański action [4] (see also [49] and [41] ). The equation of motion for φ IJKL is
that implies µ 0 = −σV/4, where
is the four-dimensional volume; we shall assume that it does not vanish anywhere.
To handle the expression (18), we shall introduce the following quantities:
where (h ab ) is the inverse of (h ab ), h = det(h ab ) and N = 0. In terms of the γ-valued
Π , Φ ab and hh ab take the following form
(hh ab ) and can be expressed in terms of the introduced variables (19) and (20) as
By substituting this expression into (17) and taking the appropriate contractions, and since N = 0, we find that Φ ab must satisfy
This equation has the solutions Φ ab = 0 and Φ ab = ±2 √ σhh ab . In the Lorentzian case, Φ ab = 0 is the only real solution. Because we are interested in real variables, this will be the only one considered below. In fact, the solutions Φ ab = ±2 √ σhh ab are not allowed in both signatures since they are incompatible with the solution for the 2-forms B IJ in terms of the tetrad field †. In this way, the 20 Eqs. (17) where Λ ≡ 3l 2 − σλ/4 and λ ab is a Lagrange multiplier enforcing the constraint Φ ab = 0. Since A 0IJ , N and N a appear linearly in the action, they play the role of Lagrange multipliers and impose, with λ ab , the primary constraints
The primary Hamiltonian is then given by
which weakly vanishes as a consequence of the constraints. The canonical pair (A,
Π ), which parametrizes the phase space of the theory, satisfies a relation similar to Eq. (10).
The primary constraint algebra is 
We see that the constraint algebra fails to close due to the Poisson bracket (39) , which implies that secondary constraints could arise in the theory. Thus, whereas the evolution of the constraints G IJ and H a leads to 0 = 0, giving no more constraints or conditions on the Langrange multipliers, the evolution of the constraint Φ ab leads to the condition
whose solution is
since N = 0 by assumption. Therefore, the last expression must be incorporated as a secondary constraint of the theory and thus, using (43), the evolution of H is trivially satisfied. Following Dirac's method, we now need to evolve the constraint Ψ ab . We will not calculate all the Poisson brackets involving the constraint Ψ ab , but only the required ones to complete the analysis. The Poisson brackets are
defines a 6 × 6 non-singular matrix. Note that the Poisson bracket (45) is weakly zero. By employing the Poisson brackets (44)- (46), the evolution of the constraint Ψ ab leads to
We need an expression for the Poisson bracket Ψ ab (x), H(y) . Using the Jacobi identity
and the fact that {{H(z), H(x)}, Φ ab (y)} ≈ 0 as a consequence of (38), (37) and (40), we find that
where (39) has been used. Integrating both sides with respect to z, we finally obtain
with
By substituting (51) into (48), we find
This implies that all the Langrange multipliers λ ab can be fixed; Dirac's method ends here. Now we can count the degrees of freedom of our theory. Substituting Eq. (52) into Eq. (25), the Hamiltonian becomes
We shall replace the constraint H byH since the latter is first-class, as can be readily verified. The constraint algebra listed above shows that G IJ and H a are also first-class and correspond to the generators of local Lorentz transformations and spatial diffeomorphisms, respectively. On the other hand, by virtue of Eq. (46), Φ ab and Ψ ab are second-class. Since we have 18 configuration variables A aIJ , the number of physical degrees of freedom is [2 × 18 − 2 × (1 + 3 + 6) − (6 + 6)]/2 = 2, the same number as Einstein's theory of gravity (coupled to a cosmological constant).
Hamiltonian analysis of the CMPR action
The first BF principle to describe pure gravity including the Immirzi parameter was introduced in Ref. [12] and is given by
The internal tensor φ IJKL satisfies the same index symmetries as above, and a 1 and a 2 are arbitrary constants. As we mentioned, one relevance of this formulation is that the Immirzi parameter is naturally contained within it, since the Holst action is recovered once the constraint on the B fields is solved. The relation between this action and the action principle (15) was analized at the Lagrangian level in Ref. [13] .
To perform the Hamiltonian analysis of (54), we will follow a similar procedure to the one used in Sect. 3. We will not give here all the calculations involved, but the main steps. After the (3+1) decomposition, the equation of motion corresponding to φ IJKL is
which implies µ 0 = σV/4a 2 , where the volume V was defined in (18) . If we now introduce the quantities h ab (h ab ), N a , N( = 0) and Φ ab that were introduced in Sect. 3 (Eqs. (19) and (20)), the components B IJ 0a
can be expressed in terms of them as
Note that this expression differs from (23) only by the last term. By substituting (56) into (55) and after some algebra we find that Φ ab satisfies the following equation:
which has the solutions Φ ab = − By using the expression (56) and neglecting surface terms, the action (54) becomes
We have introduced the multipliers λ ab to enforce the constraint ϕ ab = 0, which we obtained a couple of lines above. The primary constraints of the theory are then given by G IJ ≈ 0, H ≈ 0, H a ≈ 0 and ϕ ab ≈ 0 and the Hamiltonian them. Note que the number of primary constraints is the same as that in Sect. 3 and that they have a similar structure; in fact, by performing the change
Π → Π in (26) and (28) we see that they coincide with the constraints (59) and (60), respectively; something similar occurs to the constraint (29) , which coincides with the constraint (62) when we perform the just mentioned change and identify 4σγ −1 /(1 + σγ −2 ) with a 1 /a 2 . On the other hand, when we make this change in the constraint (27) , the resulting expression is very similar to the corresponding constraint (61), but because of (21) Π → Π) appearing in (27) is not equal to the factor h ad of (61); it is due to this little difference that the constraint algebra (off-shell) of the CMPR action will not be exactly the same as the Sect. 3 when we perform the above change on the canonical momentum.
The algebra of primary constraints is given by
Note that the primary constraint algebra (off-shell) of the CMPR action differs a little from the primary constraint algebra of Sect. 3 (with Λ = 0) when we make there the change (41) when we make the mentioned change and identify 4σγ −1 /(1 + σγ −2 ) with a 1 /a 2 (but they are
As can be noted above, the constraint algebra of both BF principles of gravity is pretty similar, which is expected since we managed the constraints on the B field in similar ways. However, the constraint algebras are not exactly the same off-shell. Since the best way to compare them is to identify their canonical variables (as it was already done above), we see that by performing the change (γ) Π → Π in the constraint algebra of Sect. 3 (with Λ = 0), the resulting algebra looks like the algebra of Sect. 4, but some Poisson brackets get a little modification. For example, we already metioned that there are missing terms when we compare (36) with (66) and (39) with (69). Also, when we perform this change in (45), we see that it differs a little from (73), since the former has an extra term proportional to H cndf , but lacks the term proportional to the second derivative of Dirac's delta that the latter has. The origin of these deviations can be tracked to the variable h ab introduced to handle the Eqs. (17) and (55), which was defined in terms of Π in both cases, but that takes different forms when we express it in terms of the associated canonical momentum (see Eq. (21)), and subsequently this difference propagates along all the constraint algebra of Sect. 3. Nevertheless, the constraint algebras of Sects. 3 and 4 coincide on-shell, as expected. In fact, the two constraint algebras can be transformed one into each other by suitably redefining the constraint H: from (21)- (22), we see that if we neglect the terms proportional to the constraint Φ ab , then hh ab ∝
(hh ab ). In this way, the factor h ad of equation (27) becomes (γ) h ad and the primary constraints (26)- (29) become essentially the primary constraints (59)-(62). This is in full agreement with the fact that both actions principles are equivalent at the Lagrangian level [13] . Finally, in the case of the BF principle of Sect. 3, the coupling of the cosmological constant only affects the scalar constraint (27) in the usual way.
We want to stress that a canonical analysis of the BF action principle contained in Sect. 3 (without cosmological constant) has also been performed in Ref. [32] , but it is not Lorentz-covariant because the time gauge was imposed there, which allows it to recover the real SU(2) formulation of general relativity where second-class constraints do not appear. The results of our Hamiltonian analysis can be useful in two ways. Firstly, we can make contact with the results of [32] by solving the second-class constraints, which amounts to parametrize suitably the phase space variables and perform a time gauge. Secondly, we can maintain the Lorentz-covariant property of the theory and make contact with the formulation of Ref. [9] , which initially keeps the second-class constraints and then the Barbero Hamiltonian formulation is obtained by solving them and making the appropriate gauge-fixing.
Finally, since both BF action principles for gravity studied in Sects. 3 and 4 possess second-class constraints, handling them by the Dirac bracket method or by solving them explicitly will enable us to make contact with the Lorentz-covariant Hamiltonian formulations for first-order general relativity that include the Immirzi parameter analized in Refs. [26, 27] and [29, 30] . The results of Sects. 3 and 4 can be considered as generalizations of the results of the first part of the work reported in
